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Displacement Reactions, XII, Correlation of Rates of Solvolysis
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1) Paper Xlz sdrves as an introduction to this paper, This work was
upported by the Office of Naval Research,

a ~

(2) ¢, @, Swain, R, E, doseoly, D. E, Bown, I, allen ard D, C, Dittmer,
J. Am, Chem, Sog., 76, 000 (1954).

Sennne

By C. Gardner Swain, Robert B. mosely

and Delos E, Bown

A four-parameter equaticn, log (g/g°) = c3d; + cody, is tested,
where k is the first-order rate cuonetant for solvelysis of uny compcund in
any modium, k° is the ccrrespcnding rate ccnstant in a standard medium
{8C% sthanol) at the same temperature, ¢, and ¢z ars constants depending
only on the ccmpound undergeing =clvolysis, und d, and dg are constants
depending cnly on the medium, Al)l availuble data capable cf serving as a
test of the equation were used. Values of ¢; and ¢; are reported fcr 25
compounds ranging from p-nitrobemzoyl chloride to triphenylmethyl fluoride,
and values of d; and d5 for 18 solvents ranging from methunol to formic
acid, These were determined from the equation and 146 observed log (k/k°)
values by the method of least squares, The mean ond maximum ranges

in observed rate for a fixed compound are factors of 1.4 x 10% and 7,6 x 108
respectively, The mean and maximum errors in the cu:lculated rate are factors
of 1.33 and 4.4,

A fcur-parameter equation was develored in paper XI2

log (kfk°) = cidy + cada
where k is the first-order rate ccastant for solvolysis of any compound in
any medium, k© is the ccrrespcading rate constant in a standa:rd medium at

the same temperature, g8; and ¢, are constants derending only on the
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compound undergoing solvolysis, und d; .nd d are coanstante depending only
on the solvent,
As the astandard solveant we chose 80% ethanol-20% water bty volume
becauge more data ware availoble for it than for any other solvent, Tabie I
iists log k, in 80% ethansl for 25 compounds,
Table II lists the 146 log (k/k°) values capable of serving as a

check on the equation,3 i.e,,for sdvents studied with three or more compounds

(3) The only data knowingly omitted were 6 data on t-butyl tromi‘le, which
vere used in preliminary zttempte to fit the equation but were dropped in
the course of the Mark IV calculation because they apreared to interfere
with coLvergence of the successive approximation procedure employed.

or for compounde studied in four ormaesclvents at the same temperature, or
at enocugh temperatures tc rermit extrapnlation to the ccmmon temperature

for each ccmpound listed in Table I,
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Compoundé

105¢c0C1
HOgffCOF
goodl
¢CoF
-ieffCoC1
lie@COF
He3r
EtBr
EtOTs
n-BuBr
¢CH,01
¢Crg0Ta
A-PrBr
A-Pr0Bs
PinCBs
MeOCx(C3Bs
BrCx03s
¢CEC1Me
@CHC1
¢o0i7
1-5uCl
¢5CSCN
f3C0ac

¢ 5CO¢HC,
¢aCF

e
Tatle 1
RATES IN 80,0 ETHAIOL

leg k°, sec,”?!
10

~1.31
-2.,00
-2.59
4,21
-2,.46
ks, 57
~5.66
-5.86
~5.0k
-5.41°
~5.65
~3.49
~5.93
-2,77
~2.86
-5.49
-5.15
-3.79
-2.77
-6.56
~5.C3
-2,98¢
-3.28
-3.35
-3.58

Temp., °C.

25
25
25
25
25
25
50
50
5
2ok
50
25
50
7C
70
50
50
50
25
20
25
25
25
25
25

Ref
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a
= CgHg or p-substituted CgHaj; Brlx = trans-2-bromocyclohsxyl; Pin =

pinacolyl; CTs = p-toluenesulfonate; C3s = p~bromobenzenssulfonate; ke, Lt,
Pr, Bu = CHS’- CBHS) CSII-,, 04}19,

DInterpolated from a plot of log k vs, mole fraction of water,

c
Lasumed value,

Ho measurements were made in 80% ethancl,
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(4) D, E, Bovm, Ph,D, Thesis, ii,I.T., april, 1953,

(5) S. ''instein, E, Grunwald and H, ¥, Jcnes, J, Am, Chem, Soc., 73, 2700
(1951). i

(6) L. C., Bateman, K, Cooper, E. D, Hughos and C. K. Ingold, J, Chem,  Sgc.,
925 (1940).

(7) ™, L. Bird, . D. Hughes and C, K, Ingold, ibid., 255 (1943).

(8) E. Grunwald and S, Winetein, J, im, Chem, Soc., Z?, 846 (1948),

(9) Ao ko Ward, J, Chem, Soc., 445 {1927).

(10) A, i. Ward, ibid., 2285 (1927).

(11) C. G, Swain and R, B, hosely, J Chem, Soc., 76, 0000 (1954),'3. B,
Mosely, Ph.D, Thesis, m.I1.T.,, July, 1952. .

(12) B. D. Hughes, J, Chem, Scc,, 255 (1935},
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Table II

a
REBLATIVE RATLS OF SOLWOLYSIS

Savent ©

EtOH, 100
Megll, K
MegCO, 80
MeaC0, 70
biegCoO, 50
AGOH, 100
HCOOH, 100
MeOH, 100
MeOH, 96.7
MeOH, 69.5
EtOH, 100
EtOH, 40

lieaCO, 80
195C0, 70
MegCo, S0
AcOH, 1002
HCOOH, 100
iia0H, 100
MeOH, 96.7
MeOH, 69.5
EtOH, 100
2t0H, 60

BtOH, 5C

BtOH, 4C

MeqlC, 90

MEQCO. 80

log (k/k°)®

-0,68
- 91
- .52
- .35
- .12
4,67
-3.37
-1.59
-0, 51
+ U7
-1.77
+0.51
~1,07
- .64
-0 , 04
~6.37
k.25
40,22

+ .33

Ref,
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(Table I centinued)

Compound

Solvent

}eaCo, 70
MegCo, 50
AcOH, 100
MeOH, 96.7
1e0H, 69.5
EtOH, 100
EtOH, 40
MegCoO, 80
MeaCO, 70
MesCO, 30
Ac0H, 100%
HCOOH, 100
EtOE, 100
lie5CO, 80
MeaCO, 50
AcOH, 100
MegCC, &
liegCO, 50
AcCH, 100%
HCCOH, 100
Et0H, 100
EtCH, SC
MeaCO, 50
Ha0, 1CC

HCOCH, 100°

A Al L RER P S tone el et

log (k/k°)

-0.,37
+ .50
-2.39
0,23
+ .84
«1.53
+0,81
-1.19
-0,67
+,11
-4 47
-1,61
-0.79
- .90
+ .85
-1.9%
-1.13
+0.09
-3.79
-0.36

S Pa———

Ref.
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(Table II continued)

Compound

=tBr

n

n

Zt0Ts

n

i-Fr(CBs
n
L

Solvent

ZtOH, 100
3OH, 50

Hy0, 100
HoOCH, 100%
ieOH, 100
ZtOH, 100
ItOH, %
AcOH, 100
ieCH, 100%
Heol, 96,788
MeOH, 69,568
BtOH, 100
Stod, 9oB
ZtOH, gob
HCOOH, 1008
iie0H, 100
ZtOH, 1C0
FtOH, 5C
7i60H, 100
Bt0H, 100
AcOH, 1CO
BtOH, 100
Z0H, 50
550, 100
HCOCH, 100
NeOH, 100

EtOH, 100
4eCH, 100
'B'caoi 9?-5

s, » > TEY

log (k/Kk?)

—0077
+ ,58

"1-39
-3 008
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(Table II continued)

Compound

PinCBs

¢CHOLie

8=

Solvent

MeOH, 100
EtOH, 100
AcOH. 100
Acg0, 97.5
HCoOH:

HeOH, 100
EtOH, 100
EtOH, 0
AcOH, 100
MeOH, 100
EtOH, 100
EtOH, 50
AcOH, 100
HeOH, 1009¢¥
Et0H, 1009+3
MegCO, 809°D
AcOH, 100
MeOH, 96,7
EtOH, 100
EtOH, %
MegCo,
MezCO, 80
ieaC0, 70
MegCO, %0
AcOH, 10CP

HCOCH, 83.3

log (k/k°)

-0,63
~1.29
«0,70
-2,08
+2,39
-0 .46
-1,02
40,70
- 97
-,
~1,42
+1,11
-1,12
~0.43
-1.50
-1.12
-1,62
-0.,07
-1,51
-0,55
-2,57
-1,38
-0.73
40,98
-2.36

+2.61

)19
20
20

2C
21
11
22
10
23
23

15
11

11
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(Table II continued)

Compound

@ 4CHE

e e TR R PR  CREW R oAl L

Solvent

EtOoH, 50
AcOH, 100P
HCOOH, 83.3
MeOH, 100
MeOH, 96.7
iie0H, 69,5
EtOH, 100
ZtOH, 90
ZtOH, 60
BEtOE, 50
EtOE, 40
wegCC, 80
6500, 50
430, 1C0
AcOH, 100
Acg0, 97.5
HCOCH, 83.3
HCOCH, 100
1eOH, 96.7
NeOH, 69.5

log (k/fk°)

+1,61
+2,11
+5.90
-1,05
0,72
+1,02
-1,98
.73
+1.1%
+1,60
+2,15
-0,68
+1.29
+3.55
-1,64
-3.29
+1,5
+2,08
- .30
+ 40

e

Ref,

11
11
11
24
24
24

&

]

12

12

25
8,26

11
18
11
11
11
11
11

11
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(Table II continued)

Compound

#3C0a0

"

dsCF

-

Solvent

1eCH, 96.7
MeOH, 69.5
BLOH, 60

ilegC0, &G
MegCo, 50
eOH, 69.5
EtOH, 40

Me5C0, 50
AcOH, 100%
MeOH, 96.7
MeOH, 69.5
BYOH, 10C
EtOH, 40

eg00, 70
8300, 50

AcOH, 100F

w10

+0.03
+ .90
+ .56
-1.56
+0,14
+ .83
+1.25
+0.37
+ 97
+ .11
+1.50
-1.73
+2,02
-1.21
+C.58
+1,76

Ref,

11
11
11
11
11
11
11
11
11
11
il
11
11
11

11
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(Footnote to Table II)

8These are decimal logarithme., For all compounds, locg g/g° = 0,00C in 80%

ethanol by definition, TFcr each compound, the temperature is thut given in
Table I,

bSymbols for compounds are explained in footnots a of Table I,

“Yumber after solvent is % by volume based on volumes before mirzing; thse
residue is water except for 97.5% AcaO which is 2,5% acOH; ka3, Et, ac =
CHy, CgHg, CHaCO,

dCaleulated from data at 80° and 100°,

2
®Extrapolated from a higher temperature using 48 = 20,2 keal, 4

fExtrapolated from a higher temperature using 4B = 19.8 kcal.27
BZxtrapolated from a higher temperature using &F = 22,0 keal, 11

hInterpolated from a plot of log k ve, mole fraction of water.

iﬁxtrapolated from a lower temperature uwsing O&¥ = 27,1 kCal.za

JUnfortunatoly ths values used in these calculations were not the correct
ones recorded here dbut were -1,37, =2,45 and -2,06 for methanol, ethanol,
and 80% acetone respectively, which correspond to incorrectly calculated
values tabulated by others™ in the literature, We discovered this error
subsequent to completion of the caleculation,

kExtrapolatod from a higher tempsrature using B = 21,7 kcal.z?
27

7

mlxtrapolated from a higher temperature using E = 21.9 kcal,

2
DExtrapolated from a hizher temperature using E = 21,8 kcal,

Prhe datum given was obtained in 99.3% ACOH - C.7% acz0, dbut is used for

100% AcOH since this compound is relatively little affected by traces of
Ha0 or Acg0,
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(13)
(1%)
(15)

(16)

(18)

(19)

(20)

(21)
(22)

(23)

(24)
(25)
(26)
(27)

(28)
(29)

J. F. Norris and H, H, Young, J, Am, Chem, Soc., 57'. 1420 (1935).
I. Dostroveky and E, D, Hughes, J, Chem, Soc., 164 (1946).

C. G, Swain, C, B, Scott and K, lohmann, J, Am, Chem, Se¢c., 75,
136 (1953). e

1 Dostrovsky and E. D, Hughes, J, Chem, Soc., 166, 171 (1946),
E. Grunwald and S. Yinstein, J, am, Chem., Sgc., 69, 2051 (1947).
A )
L. C, Bateman and E, D, hughes, J, Chem, Soc., 935, 9O, 945 (1940),

S, Vinstein, E, Grunwald and L, Ingraham, J, .m, Chem, Soc., 70,
821 (1948), Sas

£, D, Bughes, C, ¥, Ingold and a, D, Scott, J, Chem, Soc., 1201
(1937).

J. Steigman and L, P, Hummett, J, 4w, Chem, Soc., 59, 2536 (1937).

g

3. D, Hughes, C, K, Ingold and N, a, Taher, J, Chem, S¢g., ¢
(1940) .

L, C, Bateman, ii. G, Church, .. D, imghes, C, n. Ingold and
N, a, Taker, ibid., 979 (1940).

A. R, Olson and R, S, Falford, J, Ar. Chem, Spc., 59, 2644 (1937).
M, S, Swain, Ph,D, Thesis, Radcliffe College, 1948,

C, G, Swain andS,D.,Ross, J, sam, Chem, Soc., 68, 658 (1946),
‘““

E, D, Bughes, C, K. Ingold, S, ifasterman and B. J. NcKulty,
LCh SO .y 899 (19"0).

S, Winstein and H, karshall, J, am, Chem, Soc., 74, 112C (1952).
C. G. Swain and C, B, Scott, idbid,, 75, 141 (2953).
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The data represent 8 wide range of structurzl variation, The
compounds range from p-nitrobenzoyl cnd methyl to triphenylmethyl .nd from
fluorides to arylsulfonates., Some have strong neighboring group participa-
tion and the pinacolyl compound even rearrang;es. The solvents range from
anhydrous clcohols and water to glacial acetic acid and anhydrous formic acid,

Wighing to weight all the log (k/k°) values equally, we chose the

condition

? [log (5/.15.°)°b8.—* (c1dy + cads)]= minimum
146 data

to define the best fit, Thua nc compound is givea more weipght than any
other, Satting ¢the partizl derivative with respect to each other of the 25
i, 25 ¢3, 17 4, and 17 d; unlnowr parameters equ:l to zerc gave 84
simultaneous equations. Thess were gsolved by an interative procedure (see
method of calculstion below) on the Mark IV digital computer of the Harvard
Computation Laboratory,

The solution obtained was not unique, To make it unique it was
necéssary subsequently to impose four conditions (in addition to dy = dy =
0,00 for 80% ethancl). These are in the nature of scale fuctors or
normalization conditions for the calculated parameters and were chosen
arbitrarily as follows,

= 3,00 ¢5 for ueBr

[

o

L= ¢3 = 1,00 for $-BuCl

W

.00 ¢; = ¢4 for §5CF.
A renormaligation to any other arbitrary assignment (apy & or g) may bs

made easily using the equations

R e - p e m AP o v T SPRNSWIR AU AT B - e s

— e ——
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for new values (denoted by superscript stars),

Table III lists the values of the constunts obtained, The values
in parentheses are the ones arbitrarily assigned. Values bused on very
limited data are indicated by superscript letters referring to explanatory
notes,

The ratio g;/gz i8 a convenient single number to characterize
the reactivity of a compound, Compounds whick discriminate reiatively
more highly among electrophilic reagents than among.;ucleophi;io reagents
tend to have low values for this ratio, As expected, this rutio decreasee
from p-nitro to p-methyl and in the order methyl, ethyl, i-propyl, t-butyl,
benzhydryl, trityl.

The difference d; - ds is a convenlent single number to charactarige

the rsactivity of a soivent. The most electrophilic solvents have the
lowest values for this difference, with the difference decreasing in the
order anhydrous alcchols, acetone-water and alcohcl-water mixtures, water,

glacial acetic acid, anhydrous formic acid,

Fig. 1 shows the correlation for several typlcal compounds using these

compound and solvent constants,

R /r——

e
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Compound

NO4gJCOC1

NO o COF
gcoc
gc F
MegOOC1
1iefCOF
MeBr
EtBr
EtOTs
2~BuBr
¢ CH,01
#CHZ0Ts

i-PrBr

Solvent

MeOH, 100

MeOH, 96,7
1ieOH, 69.5

EtOH, 100
EtOH,
EtOH,
EtOH,

BtOH,

5§ % & & 8

BtOH,

= - P ——
=1 5m
Table II1I

VAIUES OF COMPOUND AND SOLVENT CONSTANTS

Sa Ss gi/es  Compound S5 cs  Silcs
1,09 0.21 5.2 i-PrOBs 0.63 048 1,33
1,67 M9 34 eOCx0OBs 57 57 1,00
0.81 52 1.6 BrCx0Ba .80 87 0.2
1,36 L6 2,1 Pin0Bs .76 .87 0.86
0.8 65 1.3 §CHO1Me 47 1,75 .8
1.29 80 1.6 #CHCL 1.2 125 .99
0.80 27 (3.0)  @$CHF 0.32* a7 .27°

.80 <36 2.2 +-BuCl (1.00) (1.00) (1.00)

65 24 2.7 ¢ 4CSCN 0.19 0.28 0.69

77 4 2.2 ¢4004s 219 7P -

74 M2 17 gsCofNo; 0,18 59 W31

9% I 1,82 ¢a0F 37 112 ( .33)

«90 .58 1.5

41 dy di-d; Solvent 4 83 4i"d;
~0.05  -0.73 +0.68  iieg00, 90  -0.53% -1,52° 4 1,0°
- .11 - ,05 - ,06 HezC0, 80 - b5 0,68 +0.2
- .06 41,32 -1.38  Hesl0, 70 - ,09° - .75% + ,7°
- 53 ~1,03 +0.49 lieaCl, 50 - 25 % ,97 -1.2
- .01° - %+ .52° K0, 100 T N
( .00) ( .00) ( ,00) «cOH, 100 -4, &8 +3,12 - 7.9
- 22t w3t 1t aea0, 9705 -8.77° 45, %° ~1w,1°
+ .12  +1.33 -1.21  HCOOH, 83.3 <-4.W4C +6.26° =10.7"
- .26 +2,13 -2,38 HCOOH, 100 4,40 46.55 -10.9

- ..

|
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(Footnotes to Table III)

a
Somevhat doudbtful tocause based on only tiiree log (15_/1:_°) valuea,

PEgpecially badly fixed by the data because based on only five log (k/k°)
velues for verv similar media: none was an absolute alcohol or contained
over 0% watar or any acetic acid or formic acid,

CUse with caution, Not well fixed by the data because based on only three
compounds,

dBased on only four compounds,

®Baged on aromatic compounds only, hence may give poor predictions for
eliphatic compounds,

S

i




p-NO,C H COCI
(O o 50%
70%
x EtOH ¢ 80%
N -l 9%
Me,CO
g2 |
33}
o HCOOH
_4 -
AcOH
-5 h : i 1
5 4 -3 -2 4 0 |
Calc. log k/k’
1
CH,Br HO
SO%EHOH
o Sleb?CO.,
3 O
(o]
2
2 EHOH
o - }
(@]
HCOOH
-2 o e
-2 -1 0 |
Calec. log k/k°
|
n-CHBr '/
695% MeOH
. 60% EtOH
ot
x Q0% EHOH o 96.7%
s MeCOH MeOH
.q EfOH
0 -
o HCOOH
.2 i AL
-2 -1 0 |
Cak. log k/k*

40% EIOH %
p-NO,C,H COF 69.5% MeOH
or 967%MeOH “
M:OH-—2d8 50%
St 70% Me.CO 27® Me CO|
: 80%Me.CO
£’ @ 2
X2 EtOH
o
o3¢t
84  mcoom
-5 5
.6 -
AcOH
"7 %6 5 -4 3 2 4 0 |
Calc. log k/k*
a4
H
3 bt CHC L
5 A0%E1OH
I 50% EtOH .
x| 07 e CO @E® 13
x 60%EHOH 65X MeO
(o]
o0
v 80%MeLO' 96.7% MeOH
3T ‘ 90% E{OH
AcCH MeOH
2T £2OH
& }' 97.5% Ac,0
-4 i It A ® T LA { 2
4 -3 2 -1 0 I 2 3 a&
Calc. log k/k*

Obs. log k/k*

Obs. log k/k*

CgHCOF

TO%Me ,CO
80%Me ,CO
EtOH

AcOH

4 -3 -2 414 0 + 2
Cale. ‘'og k/k

833%
| (GHJCHO  Beao

n

T

50%
Me,CO
i 96.7% MeOH
90% E1OH

E TO% (o}
E*OHQ 80% Mg%

i AcOH
 0%MeCO | |

2 < 0 1 2 3
Caic. log k/k®

o

]
N

)

=3

w

(CsHs) ,CF
AcCH

68.5%MeOH

N
Y

4004

E+GH
50%
Me CO

i éox Me,CO
2 TN

2 -1 0 I 2 3
Calc. tog k/k*

@’

96.7%

(@]
T

Obs. log k/k*




Table IV lists some measures cf fit.z The compound with the

largest & {mesn error in log ) is t-butyl chloride and for it our

l":ﬂr:a.lc.
measure of ﬁ.’c,z @ ) 1s typical and excellent, viz, 85%, Figs. 1 = 8
show typical plots of the fits obtained, The largest individual error is
for benzoyl chloride in methanol and corresponds to & factor of 4.4 in k,
The mean S" for all compounds is 0,124 (factor of 1.33 error in k), For
typical solvents &£ 1is 0.12 for methanol (n = 12), 0,22 for 50% acetone .
(p = 13), 0.07 for acetic acid (n = 18}, and 0.04 ZLor formic acid (pn = 10),
The fit is sbout as good for the extreme compounds and solvents studied as

for the ones of intermediate reactivity,

Table IV

MEASURES OF FIT® FOR CERTAIN COMPOUNDS

Compound .- - S
Noa¢fCOC1 ? 0.07 95
NO,JCOF 10 J15 %0
gcoca 12 .23 72
gooF 9 J1 91
MeBr 5 06 93
p-BuBr 7 .05 89
dcuecl 9 .19 84
£-BuCl 15 : .25 85
¢aCF 7 25 79

PP DAY PP O, W e e 2 99
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Discussion.- The resulte were compared with thcse using other
A A ae. s St o 2
equations in paper XI, The correlation is particulurly gratifying for

p-nitrobenzoyl chloride and triphenylmethyl fluoride, which gave almost

using

1
random scatter plots 1 of log (k/k°) . vs, log (k/gﬁ)c 3 when’&hz equation
ots a

log (k/k°) = nX,
Heward H,
Acknowledgment .- We are greatly indebted to Professor, Alken and
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the Air Force for muking the Harvard Yark IV digital computer available,
F, J. Jr,
and especially to hir. Peter,Strong and Mr.aprten Gadd of the Harvard

N
Gomputation laboratory for setting up and solving this mathazatical
problem on the computer. Their abbreviated description of the procedure

is glven btolow,

METHOD OF CALCULATION

In this problem it is required to find the best values of 24s Ei’

23’ Qu to represent a given matrix of the form nidzid hy the scalar product

Z2,,=ac,+bd, 1=1,2,0000,

13 " s i

Jd=1,2,c00.0,8.
Not all possible elements Z1 3 are given; the dlements Ei 3 are
introduced to form an existence matrix such that Eid = 1 if the
corresponding 21; is given and EiJ = 0 otherwise,

To obtain a least squares fit, it is required that the quantity

2 2
€ - 21 E;Eia(zi,j"l"xﬁa"-‘ir—a)

be minimum, From this it follows that

) 2y a b -
( I 2 2
D) 91 65 ! é, b (<E ) = -—er;; (‘5 ) = ~2£%E; ( 652) =0

for all 4 and J, Carrying out the differentiations one cbttains & system of

2 (m+n) non~linear simultanecus equations as follows:
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g 21"139‘-131 * 4, zimij"i = ZiEif-’izu' (*)

If approximations to the values of 9-3 and QJ

and (2) can be solved simultaneously to give approximate valucz of 8y

be given, Equations (1)

and ‘b'i' Then Equations (3) and (&) can be solved to give new approxim.tions
to the values of 9_3 and Q._J. This is a simple proceas since, fcr a given
value of 1, Equations (1) and (2) are Just a pair of linear simultanecus
equations involving 8, and gi as unknowns, and a similar remark applies to
Equations (3) and (&),

Although Equations (1), (2), (3) and (&) may be used as an
iterative process to obtain a solution of the problem it was decided to

D
employ an extrarolation proce393 in order to decrease the time required

(3¢) The principle on which this process is bused was suggested by
Dr- Ro E- Cl?’FP'

to obtain the answer, Let the sets of numbers g.i. 1_:_1, EJ and Q_j obtained

after the n-th iteration form the vector Vn. let

Now é 2 may be written as

ézaf(v )

n+l’

since 6 218 a functicn of the variables which form the ccmponents of Ve




=20

One nay calculate
v

v + hD
£ n+l n)

H
—
fl

£ = £(V

hD
2 n+l + 2 n)

whera h is a scalar., Now assume that f(Vn+1

quadratic in x (in practice the validity of this assumption depends mainly

+ xD ) is approximately a
n

on the chnoice of h),

Then .
£V +aD) &£ +unr+ 207D 2
n+l .3 0 2
where
x 2
- - A -2f +f ,
u= o of = fl fo, f= fé 2!1 tb

This exprsssion of f may now be minimized with respect to x by setting the
derivative equal to zero,

One finds that f£(V + gD ) 4is mininum for
n+l n

and the vector V = Vn+ + 8D may be used to start a new series of
n

1
iterations, In the course of the probism values of s of 10-20 were usual,
although much larger numbers were encountered in certain circumstances. The
slze of s is, of course, dependent to some extent on the number of itera-
tions between extrapolations, This number was varied somewhat in the course
of running the problem, though it was usually found that three to five
iterations gave good results. Running time for thie problem, starting either
with given approximatione or with all gtarting values equal to unity, vas

about one hour,

Cambridge, Massachusetts
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